2018 Fall MATH3060 Mathematical Analysis I11 1

Elementary Inequalities

Proofs with characterization of the equality sign are given for the follow-
ing elementary inequalities: Jensen’s Inequality, Generalized Young’s Inequality,
AM-GM Inequality, Holder’s Inequality, Cauchy-Schwarz Inequality, Minkowski’s
Inequality, Power Means Inequalities, Newton’s Inequalities, and Maclaurin’s In-
equalities.

1.1 Jensen’s Inequality
A function f defined on an interval I is convex if for z,y € I and A € [0, 1],

ST =Nz +Ay) < (1 =) f(2) + Af(y) -

It is strictly convex if strict inequality holds in this condition whenever x # y
and A € (0,1).

Jensen’s Inequality. Let f be a convex function on the interval I. Then
JOurs + - 4 X)) S A f(an) +- -+ Auf(n)

where
1'1,.1’2,"',1'”6[, >\17)\27"'7>\n€[071]7

When f is strictly convez, let
L ={k: \€(0,1]}, and I, ={k: A\ =0}
The equality sign in this inequality holds if and only if all xy, k € Iy, are equal.

We point out that the linear combination ), A¢zj belongs to the same inter-
val. WLOG letting 1 < x5 < --- < 1z,

T = (Z/\k>x1 < Z)\k:vk < (Z)\k>$n:$n )
k k k

Proof. We prove Jensen’s Inequality by an inductive argument on the number
of points. When n = 2, the inequality follows from the definition of convexity.
Assuming that it is true for n — 1 many points, we show its validity for n many



2018 Fall MATH3060 Mathematical Analysis I11 2

points. Let Ay,---, A, € (0,1),> ., A\, =1, and

1

3
|

Ak
1—X,

xy € [T1,201] -

i

1

Using first the definition of convexity and then the induction hypothesis,

f((l—A )y + Anin)

n

< fy) + M\f(xy)

( o ) Af ()
= n)f + Ty
—~1- N,

-1 A
< (1-X\) Zl_Af(xk)H flza)
k=1

= Z e f (1)

The case when Ay = 1 for some k is trivial. On the other hand, when some
i is 0, the inequality reduces to one with fewer \;’s, and its validity comes from
the induction hypothesis.

When f is strictly convex and \; € (0,1) for all &, it follows straightly from
definition that the strict inequality sign in Jensen’s inequality holds when n =
2,11 # 9. In general, let us assume that the strictly inequality sign holds when
x1, -+ ,Ty_1 are distinct and prove it when x1,---,x, are not all equal. For,
when all zq,--- ,x, are distinct, the second < in the above inequalities becomes
< due to the induction hypothesis and hence the strict inequality holds for n.
When some s are equal, we can group the expression > ', A\gxy, into > 7" | pwyk
where all y;’s are distinct and m is less than n. In this case the desired result
comes from the induction hypothesis.

The case of equality becomes trivial when some A; equals to 1. When A\, =0
for some k, the inequality is the same as we remove all terms containing \g, k € I,
from both sides. The rest Ay, k € I, are in (0, 1), so the desired conclusion follows
as before.

O

Jensen’s inequality asserts there is an inequality associated to every convex
function. As an example, we have

Generalized Young’s Inequality.  For a; € (0,00) and A\, € (0,1) with
Zzzl )\k = 17

al  ab? abr
.
P1 D2 Pn

arag - - Ay <
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Moreover, the equality sign in this inequality holds if and only if all a}f, k =
1,---.n, are equal.

Proof. The function z +— €* is strictly convex on (—o0,00) (use (€*)” > 0). Its
associated Jensen’s Inequality takes the form

eZk AkTk < Zkkexk )
k

The Generalized Young’s Inequality follows by setting a, = e*® and pj, = 1/\;.
O

By taking x) = a}* and py = n for all k in the Generalized Young’s Inequality,
we recover the inequality on arithmetic and geometric means.

AM-GM Inequality. For z,k=1,--- ,n,€ (0,00),

(2129 2)/" < Titay T

n

Moreover, equality sign in this inequality holds if and only if all x;’s are equal.

Jensen’s Inequality concerning convex functions is a parent inequality. In the
next section we use it to prove Holder’s Inequality.

1.2 Holder’s Inequality

For a = (a1, -+ ,a,) € R" and p > 1, define

n 1/p
[all, = (Z !ak!”) :
k=1

Holder’s Inequality. Forp > 1 and a,b € R™ with ag, by, > 0,
& 11
> arbe < |al, blly, —+-=1.
k=1 poq

Moreover, the equality sign in this inequality holds if and only if either (a) one of
a, b is the zero vector or (b) both a and b are non-zero vectors and b, = cal, ,k =
1,---,n, for some positive number c.
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The number ¢ is called conjugate to p if 1/p+1/q = 1. Note that ¢ > 1 when
p > 1.
We will present two proofs for this basic inequality.

First Proof When a or b is a zero vector, the inequality becomes equality and
the assertion is trivially satisfied. It suffices to consider the case where a or b is
a non-zero vector. WLOG we assume a # (0, - -+, 0) in the following proof.

Apply Young’s Inequality of two variables to each pair of ay, br and play the
“e-trick”:

P =1p, e
arbr = (eag)(e7thy) < (gjf) + G . t) , €>0. (1.1)

Summing up over k

eP e 1
> aibi < aflz + S [b]j¢
1 p q

Now we choose € by the relation

e’llally = e|bllg ,

bl 1/(p+q)
- (I
allp

ePllally = e~?lIblI7 = llall, IIbll ,

that is,

With this € we find

after some straightforward manipulations. Therefore,

- a b a b
S iy < [ally Ibllg N lall, [Ibllg lall, 5]l ,
k=1 p 1

done.

To settle the equality sign, first it is easy to check directly that equality holds
if b is a scalar multiple of a. On the other hand, observe that in (1.1), for each k,
equality sign holds if and only if either a; = by = 0 or a;, > 0 and ePa;, = ¢~ 9b],
that is b, = €’*9q; . Holder’s Inequality is obtained by summing up all these
inequalities. Therefore, letting J; = {k: ax, = by = 0} and Jy = {k : ay, by > 0},
we know that
bl =cal , c=e"t1>0,

whenever k£ € J,. But, this relation is also valid for k£ € J;. We conclude that
the equality sign holds in Holder’s Inequality when a is a non-zero vector implies
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that b = caf, k=1,--- ,n, for some ¢ > 0.
Second Proof In this proof we assume ay,b, > 0. The reader will have no
difficulty to extend it to ag,br > 0. Moreover, I leave the proof of the equality

case to you. It is not hard but tedious.

The Jensen’s Inequality associated to the strictly convex function f(x) =
P, x € (0,00), p>1,is

k=1 k=1

Choosing
ay = )x,lﬁ/ Paj

and writing ¢, = )\]i/ 7 the inequality becomes

> are < ( > aﬁ) ,
k=1

k=1
whenever .
Z d=1.
k=1
Now, given b = (by,--- ,b,), by > 0, the numbers
by,
C, —
Ibllg
satisfy
Z ad=1.
k
Therefore,

b,
apr—— < all
; bl .

and Holder’s Inequality follows.

Recall that the Euclidean product (dot product) in R™ is given by

a-b:iakbk .
k=1

A slightly more general form of Holder’s Inequality is
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Holder’s Inequality. Forp > 1 and a,b € R”,

1 1
la- b < llaly o, 2+ 2 =1,

Moreover, the equality sign in this inequality holds if and only if either (a) one
of a or b is the zero vector or (b) both a and b are non-zero, their non-zero
components are of the same sign, and |bi|? = clag|P ,k = 1,--- ,n, for some
positive number c.

Proof. Applying the first Holder’s Inequality to |ak|, |bx| and using the triangle

inequality,
S o
k

<" Janllbel < flall, bl -
k

To establish the equality case simply observe that when p;’s are non-zero numbers,
Ip1 + -+ pm| = |p1] + - - - + |pm| if and only if all p,’s are of the same sign.
]

1.3 Minkowski’s Inequality
Minkowski’s Inequality. For a, b€ R"” and p > 1,
la+bll, <llall, + bl -

Moreover, the equality sign in this inequality holds if and only if either (a) a or
b is a zero vector or (b) b= ca for some ¢ > 0.

So equality holds if and only if the two non-zero vectors point to the same
direction or one of them is null. The case p = 1 is just the familiar triangle
inequality. The case p = 2 follows readily from Cauchy-Schwarz Inequality. In
the following proof we assume p > 1.
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Proof. By Holder’s Inequality

la+ b}
= lar + b["Hax + byl
k

<5 o + bl (o] + o)
k

= Z lax + bk|p’1]akl + Z lag + bk’pil‘bk‘
k k

1/q 1/p 1/q 1/p
< <Z|ak+bkl(”_1)q> <Z|ak|p> + (Zm +bk:|(p_1)q> (Z|bk|p)

k k k k
= [la+ b2/ (lall, + [bl,) .

where in the last step Holder’s Inequality and (p — 1)g = p have been used. Now
Minkowski’s Inequality follows by absorbing the first factor to the left.

When one of a and b is a zero vector, the equality sign holds. Let us consider
the case where both vectors are non-zero. From what we have just done equality
in Minkowski’s Inequality holds if and only if the two inequality signs in the
above derivations are equality. When the second inequality sign becomes equality,
lag + bg|P = c1|ax|? , |ax + bg|P = co|by|P for all k and ¢y, co > 0, which implies that
|bx| = clag|, k > 1, for some ¢ > 0. But then the first inequality becomes equality
implies that both a; and by must be of the same sign.

O

1.4 Cauchy-Schwarz Inequality
Cauchy-Schwarz Inequality. For a,b € R",

la-b| < [lallz |[b]2

and equality sign in this inequality holds if and only if a and b are linearly de-
pendent.

First Proof. It is the special case of Holder’s Inequality (p = 2).

Second Proof. It suffices to assume all ay, by’s are non-negative and a # 0.
Consider the function

p(t) = Y (axt —b)

k
= At? - Bt+C,
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where

A=lal3, B=2) by, C=|bl3.
k

This function is always non-negative. Therefore, its discriminant A = B? — 4AC
must be non-positive everywhere. This is precisely the Cauchy-Schwarz Inequal-
ity. Moreover, ¢(t) = 0 has a real root ¢, if and only if axty = by for all k.

Third Proof. It is contained in the Lagrange Identity:

(Zakbk>2 = Zaz ijz — % Z (ajbk — akbj)Q .
k=1 k=1 j=1

jk=1

To prove this identity we play with the indices:

(S)(50) - (Son)' = (Sa)(S) - (ST

J J ‘

= % Z(a?bz + apb?) — (Zakbk) (Zajbj)

Jisk

= 0 (@ 20,hay + o)
7,k

I leave it to you to prove that a;b; — arb; = 0 for all j, k implies b = ca for
some ¢ € R.

1.5 The Power Means Inequalities

In mathematics, a mean is a real-valued function F' on R"™ or its subset which
satisfies (a) F'(a,a, - ,a) = a , and (b) ming ay < F(a) < maxy ay, .

Let A\g, k= 1,---,n, satisfy >, \y = 1, Ay € [0,1]. For each t € R, t >
0, a=(ay, -+ ,a,), ap > 0, define the t-th power mean by

M(a) = (i/\ka}i) v .

When a;, > 0 for all k, M;(a) is well-defined for ¢t € (—o0,0).

The power mean becomes the generalized arithmetic mean at ¢ = 1 and the
generalized harmonic mean at t = —1. As we will see, it becomes the generalized
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geometric mean at the limit ¢ = 0. Therefore, it inserts M;(a), t € (0,1) , be-
tween the arithmetic and geometric means.

Power Means Inequality. For k = 1,--- ,n, let a; € (0,00) be distinct and
Me € (0,1) satisfying Y ,_, A\ = 1. Regarding M;(a) as a function in ¢, we have

(a) M(a) is strictly increasing on (—o0,0) and (0, 00) ,

(b)

lim M,(a) = a}'ay? ---a)" ,  and
t—0

(c)

lim M;(a) = maxag , lim M;(a) = minay .
t—o0 k t——o00 k

Thus, unless all a;’s are equal, M;(a) is a strictly increasing, continuous func-
tion on R after defining My(a) as in (b).

Proof. Step 1. We first show that for 0 < s <, M(a) < M;(a). Since a is fixed
throughout the proof we will simply use M, to stand for M,(a) below.

We take p =t/s and ¢ = t/(t — s) and apply Holder’s Inequality:

Z/\kaz = Z)‘i/taik,(f_s)/t
K k
= (Z ()‘S/t K t/s>8/t <Z NG s/t t/(t— s)>(t8)/t
k
= (Z)\kak> ,

which implies M, < M, for 0 < s < t. In case of equality, we have \al =
cAg, ¢ > 0, for all k, whence all a;’s are the same. But this is impossible due to
our assumption.

Step 2. We claim:

lim M,(a) = a}ay®---a) .
t—0+
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For,
log M, = %log (Z/\ e“og“k>
= 11 k A 1 1
= ;og(%: k —I—togak+0(t)>
— % (1 —|—tZ)\k log ay +o(t))

~+ | =

( Z rlog ay + o ))

k
— Z/\klogak, ast — 0",

after using the expansions e* = 1+ z + o(2) and log(1 + 2) = z 4+ o(z) at z = 0.
Using the continuity of the exponential function, we get

lim M, = eMorlosth
t—0+
— Zk )\k logak
AL A
= aj ---a," .

Step 3. We claim that for t < s < 0, M; < M,. For, letting b, = 1/ay, k =
1,---,n, we have

1
M,(a) M(b)
Therefore, using Step 1 for 0 < —s < —t,
1

My(a) = (D)

< 1

< 3.0)

= Ms(a) ,

and the claim follows. Note that this implies

lim M,(a) =a}'---a)" .
t—0~

Step 4. We claim lim;_,, M;(a) = maxy ag. Let us assume a1 < as < -+ < a,.

We have

_ 1/t
an > (Z )\ka’;) = a, (Z /\ka—f + /\n> > a At
k k=1 n
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The desired conclusion follows from the Sandwich rule.

Finally, arguing as in Step 3 we get lim,_, ., M;(a) = a; . The proof of the
Power Means Inequalities is completed.
O

Some remarks are in order.

(a) It is reasonable to assume all \;’s are positive and less than one so that all
a’s are involved in M;(a).

(b) If some a;’s are equal, we may group them together. For instance, when
Ap-1 = A, We set a) = ay,---,a, | = ap_1 + a, and g3 = Ay, -+ flp_g =
An—1 + A, In obvious notation. Then ZZ;% e = 1 and My(a’) = M;(a). There-
fore, it is without loss of general to assume all a;’s are distinct.

(¢c) Under 0 <ay <as <---<a,and A\, € (0,1), k=1, - ,n, an examination
of the proof in Step 1 shows that M;(a) is strictly increasing for ¢ € (0, c0).

1.6 Newton’s Inequalities

Let Sg(a), k = 0,1,--- ,n be the k-th elementary symmetric function of a =
(ay,--- ,a,). For instance,

S()(a) = 1,
51(3)22%2014—@24‘“"1‘%7
k
Sg(a) = Z a;ar ,

1<j<k<n
Sp(a)=ay---a, .

The normalized elementary symmetric functions oy’s are given by dividing Sy by
the number of elements in the summation. In general,

Sk(a)
ak(a) = ) .
()
Newton’s Inequalities. For a = (ay,--- ,a,), ar >0,

O-kz—l(a')gk-i-l(a) S 0]3("’)7 k= 1727 e, = L.
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Equality sign holds in one of these inequalities if and only if all a;’s are equal.
The proof of these inequalities is based on the following amazing property.

Proposition. For a = (ai, - ,a,), n > 2, there is some b = (by, -+ ,b,_1)
such that
or(b) =or(a), k=0,1,---,n—1.

Proof. Define the polynomial of degree n by

Pz) = (x—ay))(z—ag) - (z—ay,)
" — Si(@)z" ' + Sy(a)z™ P + -+ (1) 1S (a)z 4+ (—1)"S,(a)

P has n many real roots (counting multiplicity). By Rolle’s Theorem its derivative
has n — 1 real roots (counting multiplicity). Denote them by by, -+ ,b,. We have

P'(z)

n

= (l’ — b1)<l’ — bg) s (ZL’ — bn—l)
= 2" =S (b)a" 2+ So(b)z" B 4 4 (=1)"1S, 4 (b) .

On the other hand, we have
P(z) =na""'—(n—-1)S(a)z" 2+ -+ (=1)""'S,_1(a) .

By comparing the coefficients of these two polynomials,

n—k

n

Sg(a) = Sk(b), k=0,1,--- ,n—1,

and the proposition follows after dividing both sides by (nk_ 1).

]

Let us look at the first several Newton’s Inequalities (we omit the variable a):

°
TL:2, 0-00-2§0-%7
o
_ 2 2
n=3, o000y <07, 0103<0;,
[ ]

n=4, o090y <0}, 0103<05, 09045075,
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n =5, anggaf, Ulaggag, 0204§J§, 0305§az.

The last member in these inequalities is
on—2(a)o,(a) < 0721—1(3-) .
It is turned into
oo(c)oz(c) < ay(e)?, c=(c1, - ,cn), c& = 1/ay ,

after dividing both sides by (a; - - - a,)?. It has become the first inequality for the
variable c.

Now we can prove Newton’s Inequalities. When n = 2, the inequality is
nothing but the AM-GM Inequality

2
aray < (a1 ;— GQ)

Next, for n = 3, there are two inequalities. Our proposition shows that the first
inequality follows from the inequality in the previous case, that is, the inequality
above. Moreover, the second inequality can be reduced to the first one after re-
placing a by c. The strategy works for all n. After the (n — 1)-th case has been
established, the first (n — 1) inequalities in the n-th case are valid by applying
the proposition. The n-th inequality can be reduced to the first inequality for
C, Cp = 1 / ag .

To study the equality case, we may apply induction on n, the number of vari-
ables, in the statement:

or_1(a)orsi(a) = oi(a) for some k € {1,--- ,n — 1} implies that all ay’s are
equal.

Clearly it is valid at n = 2. In general, assuming that it holds at n — 1 we
consider the case of n variables. If on the contrary oj_1(a)oy1(a) = (ok (a))2 for
some k € {1,---,n — 1} where a satisfies a; < a;j41 for some j. By Rolle’s The-
orem the polynomial P’(z) defined above admits a root in (a;,a;+1). Together
with other real roots, P'(x) has at least two distinct roots. When & < n — 2,
using the proposition above we have g;,_1(b)oj.1(b) = o2(b), contradicting the
induction hypothesis. On the other hand, the case k = n — 1 can be reduced to
the case k = 1 for the variable c. We have completed the proof of the equality
case for Newton’s Inequalities.



2018 Fall MATH3060 Mathematical Analysis I11 14

The following inequality can be deduced from Newton’s Inequalities.
Maclaurin’s Inequalities. For a = (ay,- - ,a,),ar > 0,k=1,--- . n,
(akﬂ(a))l/(kH) < (Jk(a))l/k , k=1,---,n—1.
Moreover, equality sign holds for some k if and only if a; = -+ = a,.
These inequalities insert n — 2 many terms between the GM and AM.

Proposition. Let ¢y, cq, -+ ,c, € R, satisfying

(Ck—1+ck+1)7 k:177n_]—

N —

Cp <

Then
Ck, — Co Ck+1 — Co
< +

ko — k+1
Proof. When k =1, (1.2) is the same as 2¢; < ¢y + ¢2. Assuming this inequality
holds at k£ — 1, that is,

1<k<n-—1. (1.2)

]CCk_l S (/{5 — l)Ck + ¢ s
we are going to establish it at k. Indeed, we have

k—1 1
2 Ck+ECO+Ck+17

2¢ < Cpo1 + g1 <

which implies
(k+1)ex < kegr + o

that is, (1.2) holds.

]

Now we prove Maclaurin’s Inequalities. Taking logarithm in Newton’s In-
equalities yields

logoi(a) > = (log oi—1(a) + log ops1(a)) - (1.3)

N | —

Applying the proposition to
g = —logog(a), k=0,1,---n,

yields
—log oy (a) _ G _ Gk = C _ —logoyy1(a)

k ko~ k+1 k+1 ’
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and Maclaurin’s Inequalities follow. The equality sign in Maclaurin’s Inequality
holds at some k means equality in (1.3). By the characterization of the equality
sign in Newton’s Inequalities we conclude that all a; = - - - = a,,.

Recommended Reading: J.M. Steele, The Cauchy-Schwarz Master Class, An In-
troduction to the Art of Mathematical Inequalities, MAA Problem Book Series,
Cambridge University Press, 2008.



